A frequency domain spectral element model is developed for a rotor system that consists of two spinning shafts and an interim disk or blade system. In this study, the shafts are represented by spinning Timoshenko beam models, and the interim disk system is represented by a uniform thick rigid disk with an unbalanced mass. In our derivation of the governing equations of motion of the disk system, the disk is considered to be wobbling about the geometric center of the disk at which the spinning shafts are attached. The high accuracy of the proposed spectral element model is evaluated by comparison with the natural frequencies obtained using the conventional finite element method (FEM). The spectral element model is then used to investigate the effects of the unbalanced mass on the natural frequencies and dynamic responses of an example rotor system.
Introduction
Motors, engines, turbines, and machine tools are typical examples of rotor systems. Rotor systems usually consist of multiple spinning shafts and interim disks (or multiple sets of blades) that are connected to each other to form one-dimensional (1-D) dynamic systems. Such systems are normally supported by multiple bearings. Mass imbalance or the misalignment of interim disks can induce significant vibration that can result in the structural failure of a rotor system. Thus, it is very important to accurately predict the dynamic characteristics of a rotor system in the early design phase. There have been many studies on the modeling and analysis of the dynamics of various rotor systems, and an extensive review on the subject has been reported by Nelson [1] .
The effects of transverse shear deformation and rotary inertia become more significant when the diameter-to-length ratio of the shaft is large and also when vibration occurs at a high frequency. Thus, Timoshenko beam theory has been widely applied to shafts that spin at very high speeds [2] [3] [4] [5] , whereas interim disks have been represented by thin or thick rigid disks [6] . Historically, many analytical methods have been applied to the dynamics of rotor systems. These include Rayleigh's method, Dunkerley's formula, Holzer's method, and the transfer matrix method [7] . The transfer matrix method is a very efficient solution method for 1D systems (such as rotor systems) because the sizes of the transfer matrices to be handled in the method are not too large, in general. However, as the transfer matrix method provides dynamic responses only at the end point of a 1D system, postprocessing is normally required to compute dynamic responses at an arbitrary position in the system. The finite element method (FEM) is well recognized as one of the most powerful computational methods to deal with various complex structural engineering problems. Thus, many researchers, including Nelson [3] and Ruhl and Booker [8] , have applied the FEM to stability and dynamic analyses of various rotor systems. However, the FEM can require a huge number of degrees of freedom (DOFs) to improve its accuracy, especially when a rotor system is flexible and operating at a very high spinning speed. This can result in a significant increase in computation burden. To address this problem, reduced order modeling techniques have been introduced (e.g., [9] ). Although reduced order modeling techniques are effective in reducing the sizes of finite element models, they can degrade the solution accuracy, especially at high frequencies. In the literature, Xiang et al. [10] [11] [12] have presented the wavelet-based finite element methods for the analysis of rotor systems. As the alternative to the conventional FEM, the spectral element method (SEM) can be adopted for dynamic modeling and analyses of flexible rotor systems because it meets two requirements: high accuracy up to the frequency range of interest and high computational efficiency by using only a minimum number of DOFs [13, 14] . The SEM might have apparent advantages over other solution methods such as the transfer matrix method and the FEM, especially when it is applied to a 1D dynamic system such as a rotor system. Lee and Jang [5] and Lee [14] were the first to apply the SEM to the dynamic modeling and analysis of rotor systems represented by a spinning flexible Timoshenko shaft, with or without a mass-balanced interim disk. To the authors' knowledge, the SEM has not been applied to rotor systems that have interim disks with an unbalanced mass.
The goals of this study are (1) to develop a spectral element model for rotor systems that consist of multiple flexible shafts and interim disks with an unbalanced mass; (2) to evaluate the proposed spectral element model by comparison with the solutions obtained using the FEM; and (3) to use the proposed spectral element model to investigate the effects of an unbalanced mass on the natural frequencies and dynamic responses of an example rotor system.
Spectral Element Model for the Disk
Consider a rotor system that consists of two uniform shafts and an interim disk or a set of blades. The rotor system is bearing-supported at both ends of the rotor system, as shown in Figure 1 . The spectral element model of the rotor system can be derived by assembling the spectral elements for two spinning shafts and one interim disk. The spectral element model for the bearing-supported spinning flexible shafts is available from [14] and is summarized in Appendix A. The spectral element model for the interim disks with an unbalanced mass will be formulated from the equations of motion in this section. Figure 2 shows a disk system that consists of a uniform disk (thickness 2ℎ and mass ) and an unbalanced mass (mass ). The disk is rigid, and the shafts clamped at the geometric centers of the left-hand side and right-hand side surfaces of the disk are always normal to the corresponding surfaces, while the disk is spinning. In Figure 2 , ( , , ) is the global reference coordinate system (denoted by " ") and (1, 2, 3) is the moving coordinate system fixed on the disk (denoted by " "). The origins of both coordinate systems are placed at the geometric center " " of the disk. The unit direction vectors n , n , and n are defined in the -, -, and -directions, respectively, and n 1 , n 2 , and n 3 are in the 1-, 2-, and 3-directions, respectively. Other unit direction vectors are also defined in Figure 2 . The displacements in the -and -directions at the geometric center of the disk are denoted by V ( , ) and ( , ), respectively. The rotations about the -, -, and -axes are represented by ( , ), ( , ), and ( , ), respectively. 1 and 2 denote the location of an unbalanced mass . The mass center of the whole disk system, including the unbalanced mass, is denoted by " " and its location is denoted by 1 and 2 , where 1 = ( / ) 1 and 2 = ( / ) 2 . The forces and moments acting on the surfaces of the disk are shown in Figure 3 .
Equations of Motion.
Assuming that the disk is spinning at a constant speed Ω (radian/s) about its central axis, the kinetic energy of the disk system can be obtained as
where
and k is the velocity of the mass center of the whole disk system, is the angular velocity of the disk, and I is the mass moment of inertia matrix of the whole disk system with respect to its mass center. These are given by
where 
where is the mass moment of inertia and is the polar moment of inertia of the uniform disk.
The virtual work done by the forces and moments acting on the surfaces of the disk, which are displayed in Figure 3 , is given by
where the subscripts and denote the quantities on the righthand side and left-hand side surfaces of the disk, respectively, and the superscripts denote the quantities related to the disk. The displacements and rotations at the geometric centers of two opposite surfaces of the rigid disk satisfy the following relationships:
By using (6), the virtual work described by (5) can be rewritten as
By applying the kinetic energy given by (1) and the generalized forces reduced from (7) to Lagrange's equations [15] , followed by a lengthy mathematical manipulation including 4 Mathematical Problems in Engineering some approximations, the equations of motion of the disk system can be derived as follows:
By using (6), (9) can be rewritten in terms of the displacements and rotations defined at the center of the left-hand surface of the disk as follows:̈=
If 1 = 2 = 0, (9) or (10) can be reduced to the equations of motion for the uniform thick disk without an unbalanced mass [14] .
Formulation of the Spectral Element Model.
By following the general procedure of the spectral element formulation [14] , all displacement fields and forcing terms are represented in their spectral forms by using the discrete Fourier transform theory as follows:
where = √ −1 is the imaginary unit. The quantities with subscript are the spectral (Fourier) components of the corresponding time histories, and /2 is the number of spectral components up to the Nyquist frequency considered in the fast Fourier transform (FFT)-based spectral analysis. The subscripts used for the spectral components will be omitted hereafter for the sake of brevity.
Substituting (12) into (10) gives the equations of motion in the frequency domain as
Similarly, the following relations can be obtained from (6) by using the spectral forms given by (12) as
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Equations (13) and (14) can be combined to obtain the matrix form of the equation as follows:
where the matrices M 1 , M 2 , M 3 , G, H 1 , and H 2 are defined in Appendix B. In (16), d and d are the spectral components of the nodal degrees of freedom (or, "spectral nodal DOFs") defined on the left-hand side and right-hand side of the disk, respectively. I 2 and I 6 are 2 × 2 and 6 × 6 identity matrices, respectively, and 0 represents null matrices or vectors. In this paper, the superscript is used to denote the transpose of a vector or matrix quantity. Equation (15) is the spectral element equation that represents the proposed spectral element model for uniform thick disks with an unbalanced mass. Figure 4 shows a bearing-supported rotor system that consists of two uniform spinning shafts and an interim disk with an unbalanced mass. The spectral element model for the rotor system can be derived by assembling spectral elements for two spinning uniform shafts and a disk system. The spectral element model for the disk system is given by (15) . The spectral element model for the spinning uniform shafts is provided in Appendix A. The assembly can be derived by using the same procedure that is commonly used in the standard FEM. The spectral element models for the left shaft (shaft 1), the disk ( ), and the right shaft (shaft 2) can be represented by
Spectral Element Model for the Rotor System
where the subscripts and denote the quantities defined at the left-end node and right-end node of a shaft or disk element, respectively. For the assembly of three spectral element equations given by (18), the global spectral nodal DOFs are defined as
The connectivity conditions at the interfaces between the disk and the left-hand side and right-hand side shafts satisfy the following relations:
From (6), we can obtain the following relationship in the frequency domain:
where the transformation matrices T 0 and T 0 are defined in Appendix C. By using (19) and (20), three spectral element equations can be assembled in the following form:
with f = { , , + , 1 + + 2ℎ ,
Dynamic responses in the time domain can be obtained first by solving (22) for the spectral nodal DOFs and then by applying the inverse FFT algorithm to the spectral nodal DOFs to obtain the time histories of dynamic responses.
Numerical Results and Discussion

Validation of the Proposed Spectral Element Model.
To validate the proposed spectral element model, a simply supported rotor system, as shown in Figure 1 Tables 1 and 2 by comparing the natural frequencies obtained by the proposed spectral element model (denoted as SEM) and the conventional finite element model (denoted as FEM). The finite element model used in this study is described in Appendix D. Table 1 shows the natural frequencies of the rotor system when the interim disk is mass-balanced (i.e., = 0 kg). Table 2 shows the natural frequencies when the interim disk is mass-unbalanced (i.e., = 0.493 kg). For the results in Tables 1 and 2 , we assumed that the spinning speed of the shaft is Ω = 100 Hz. The SEM results were obtained by using only three finite elements (two finite elements for the shafts and one finite element for the disk). On the other hand, for the FEM results, the number of finite elements was increased gradually until the first six digits of the lowest four natural frequencies had sufficiently converged. In Tables 1 and 2 , "backward" and "forward" denote the backward whirling modes and forward whirling modes, respectively. Tables 1 and 2 show that the FEM results converge to the SEM results as the number of finite elements used is increased. Since FEM solutions should converge to exact solutions as the number of finite elements (or DOFs employed in the analysis) is increased to infinity, we conclude that the proposed SEM has the capability to provide very accurate solutions by using only a small number of finite elements in the analysis.
Effects of Unbalanced Mass on Natural Frequencies and
Critical Speeds. Figure 6 shows the three lowest natural frequencies when the disk system is uniform without an unbalanced mass (i.e., = 0) and those when the disk system has an unbalanced mass ( = 0.1 ) at two locations specified by ( 1 = 0, 2 = 0.5 ) and ( 1 = 0.5ℎ, 2 = 0.5 ). From Figure 6 , the following issues can be investigated: (1) the unbalanced mass tends to lower the natural frequencies. This observation can be also made by comparing the natural frequencies provided in Tables 1 and 2 . However, the effect of the unbalanced mass on the second natural frequency is negligible because a nodal point of the second vibration mode happens to coincide with the location of the disk. (2) The effects of an unbalanced mass on the natural frequencies seem to be dominant when it is located apart from the geometric center of the disk in the radial direction rather than in the thickness (or axial) direction.
The lowest two critical speeds are also shown in Table 3 . A critical speed is defined as a spinning speed of the disk that is identical to a natural frequency of the rotor system. Table 3 shows that the existence of an unbalanced mass tends to decrease critical speeds for both backward and forward whirling modes. Figure 7 shows the dynamic responses at the geometric center of the disk (node 0 in Figure 5 ) when an unbalanced mass ( = 0.1 ) is located apart from the geometric center of the disk only in the radial direction (i.e., 1 = 0 and 2 = 0.5 ) for two spinning speeds of the shaft: Ω = 100 Hz and Ω = 153.528 Hz (the lowest backward whirling critical speed). Similarly, Figure 8 shows the dynamic responses at the middle of the right-hand side shaft (node 3 in Figure 5 ). From Figures 7 and 8 , the following issues can be investigated: (1) when the unbalanced mass is located apart from the geometric center of the disk only in the radial direction, the rotor system vibrates in forms that are symmetric with respect to the middle of the disk due to the unbalanced mass-induced centrifugal forces. Accordingly, the rotations or wobbling angles and at the center of the disk are found to be zero, whereas those at the middle of the right-hand side shaft are not zero (for both) when Ω = 100 Hz and Ω = 153.528 Hz. (2) Both the transverse vibrations and wobbling angles increase significantly when the shaft is spinning at the critical speed of Ω = 153.528 Hz. Figures 9 and 10 show the dynamic responses at the geometric center of the disk (node 0) and at the middle of the right-hand side shaft (node 3), respectively, when an unbalanced mass ( = 0.1 ) is located apart from the geometric center of the disk both in the radial and thickness (axial) directions (i.e., 1 = 0.5ℎ and 2 = 0.5 ) for two spinning speeds: Ω = 100 and 153.528 Hz. Unbalanced massinduced moments are generated when the unbalanced mass is moved in the thickness direction by a distance 1 = 0.5ℎ. Thus, comparing Figures 7 and 9 shows that the unbalanced mass-induced moments result in nonzero wobbling angles and at the center of the disk when Ω = 100 and 153.528 Hz. Although the wobbling angles and due to the unbalanced mass-induced moments are found to be insignificant for the present example problem, they can be important with respect to structural failure of bearings in the disk systems. Figure 11 shows the dynamic response when the shaft is spinning at two critical speeds: the lowest backward whirling critical speed, Ω = 153.528 Hz, and the lowest forward whirling critical speed, Ω = 155.614 Hz. At the lowest backward whirling critical speed of Ω = 153.528 Hz, the shaft is whirling in the direction opposite to that of the spinning shaft (i.e., clockwise), as shown in Figure 11 (a). However, Figure 11(b) shows that the shaft is whirling in the same direction as that of the spinning shaft (i.e., counterclockwise) at the lowest forward whirling critical speed of Ω = 155.614 Hz.
Effects of an Unbalanced Mass on Dynamic Responses.
Conclusion
The results obtained in this study can be summarized as follows.
(1) A frequency domain spectral element model was developed for a bearing-supported flexible rotor system with a mass-unbalanced disk. (2) The equations of motion of a disk system were derived by taking into account the wobbling motion of the disk at its geometric center. 
Appendices
A. Spectral Element Model for a Spinning Uniform Shaft
Consider a uniform flexible shaft that is spinning at a constant speed Ω rad/s. The shaft has extensional rigidity , bending rigidity , torsional rigidity , transverse shear rigidity , mass per length , mass moment of inertia , and polar mass moment of inertia . The spectral element model for a spinning uniform shaft of length is available from [14] and is given by 
D. Finite Element Model for the Rotor Systems
